In this paper we make a contribution to the problem of the existence of a normal integral basis. Our main result is that unramified realizations of a given finite abelian group A as a Calois group Gal(N/K) of an extension N of a given CM-field K are invariant under the involution on the set of all realizations of A over K which is induced by complex conjugation on K and by inversion on A. We give various implications of this result. For example, we show that the tame realizations of a finite abelian group A of odd order over a totally real number field K are completely characterized by ramification and Galois module structure.
where the latter is defined to be the isomorphism class of on, the ring of integers in N, as a module over the group ring onA of A over OK? It has been shown in [3] that this question is equivalent to the following one, which seems more restricted at first sight: are realizations of A over K which are unramified -at all finite primes-and which have moreover a normal integral basis over K, rare? In the present paper we offer the following result on this question if K is a CM-field (our definition of CM-fields includes totally real fields).
All unramified realizations of ,d over K with a normal integral basis are invariant under the 'obvious' involution on the set of all realizations of A over K which is induced by complex conjugation on K and by inversion on ,4.
In the remainder of this introduction we point out some consequences of this result. In the case that K is totally however it seems that this is the first time that it is possible to obtain precise information on the Galois module structure and in particular on the classical normal integral basis problem of extensions inside the Hilbert class field of a CM-field.
The main result
Let QC be an algebraic closure of Q, the field of rational numbers; all number fields will be considered to be subfields of QC. Let K be a CM-field, that is, it is a number field which has an automorphism which coincides for each embedding of K into C, the field of complex numbers, with complex conjugation. This is equivalent to the requirement that K is either a totally real number field or a totally imaginary quadratic extension of a totally real number field. In the last case we speak of a proper CM-field. Let A be a finite abelian group. This result can also be stated as follows. Let K + be the maximal real subfield of K.
(1.6)
Each unramified abelian extension N of a CM-field K with a normal integral basis over K is Galois over K + and moreover the action of complex conjugation on Gal(N/K) by conjugation in the group Gal(N/K +) is equal to inversion.
In a previous paper (1.7) Proposition. Let r e Horn(OK, A).
conditions on r are equivalent
The following
The Galois algebra A~ corresponding to r unramified and has a normal integral basis.
(ii) i•162 = 1.
is Moreover the following result will play a crucial role in our proof. Let G be the product group OK+ x C 2 and let a be the non-trivial element of Cz. We will consider 12K+ and C2
as subgroups of G. We let the group G act on the group ring 
This holds for all weE2K, that is, r162 []
By proposition (1.7) and proposition (1.9) we have now proved the following result.
(1.5)' Theorem. Let CeHom(f2r, A ).
If the Galois algebra AV corresponding to r is unramified and has a normal integral basis, then r = r
We have also proved theorem (1.5) as this is readily seen to be just theorem (1.5)' with the additional assumption that r is surjective.
Consequences
We start with the implications of our result for the normal integral basis problem. These are rather strong if K is totally real. 
